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Abstract 

Let M™ be a compact oriented smooth manifold which admits a smooth circle 
action with isolated fixed points which are isolated as singularities as well. Then 
all the Pontryagin numbers of A/™ are zero and its Euler number is nonnegative 
and even. In particular, M™ has signature zero. 

Since a non-constant harmonic morphism with onc-dimensional fibres gives rise to 
a circle action we have the following applications: 

(i) many compact manifolds, for example CP", K3 surfaces, 5^" x Pg {n > 2) 
where Pg is the closed surface of genus g > 2 can never be the total space of a 
non-constant harmonic morphism with one-dimensional fibres whatever metrics we 
put on them; 

(ii) let {M'^,g) be a compact orientable four-manifold and (p : (M*,g) — > {N^,h) 
a non-constant harmonic morphism. Suppose that one of the following assertions 
holds: 

• (M^,(7) is half-conformally flat and its scalar curvature is zero, 

• {M'^,g) is Einstein and half-conformally flat, 

• {M'^^g^J) is Hermitian-Einstein. 

Then, up to homotheties and Riemannian coverings, Lp is the canonical projection 
between flat tori. 

Introduction 

It is well known that if a compact oriented smooth manifold M admits a smooth 
free circle action then its Euler number and all its Pontryagin numbers are zero. 
This follows from the fact that the tangent bundle of M is the Whitney sum of a 
trivial real line bundle and the pull back of the tangent bundle of the orbit space. 
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In this paper we generalize this by proving that if M is a compact oriented 
smooth manifold which admits a smooth circle action with isolated fixed points 
which are isolated as singularities as well then (i) all the Pontryagin numbers of 
M are zero (in particular, the signature of M is zero), (ii) the Euler number of 
M is even and is equal to the number of fixed points (Theorem |1 . 1|) . We obtain 
this by using a well known formula of R. Bott |Ty] (see also [Q). Also, we apply 
an idea of J.D.S. Jones to prove (Theorem 2^) that the signature of a compact 
oriented 4-manifold endowed with a non-trivial circle action for which each fixed 
point has equal exponents is equal to the Euler number of the normal bundle of 
the components of dimension 2 of the fixed point set. 

Harmonic morphisms are smooth maps : (M, g) —>■ {N, h) between Rie- 
mannian manifolds which preserve Laplace's equation. They are characterised as 



harmonic maps which are horizontally weakly conformal [0], |2T[, i.e. for each 
point X E M either dipx = or dipx is surjective and maps Hx = {kerdipx)^ 
conformally onto T(^(x)A^. Classification results for harmonic morphisms with 
one-dimensional fibres appear in 0, lTl|], |2^, In p it is proved that 

any non-constant harmonic morphism with one-dimensional fibres defined on a 
Riemannian manifold of dimension at least five is submersive whilst, for domains 
of dimension four, only isolated critical points can occur. Moreover, in it is 
proved that any non-constant harmonic morphism {M'^,g) — >■ {N^,h) induces 
a locally smooth circle action on M^. We show in fact that, at least outside 
the critical set, the action is smooth and free (consequence of Proposition |3.1j ). 
It follows that the result of Theorem |T]^ can be applied to obtain topological 
restrictions for the total space of a harmonic morphism with one-dimensional fi- 
bres. These are obtained in Theorem O from which it immediately follows that 
CP", K3 surfaces, S"^" x Pg (where Pg is the closed (real) surface of genus g and 
n > 2) can never be the total space of a non-constant harmonic morphism with 
one-dimensional fibres whatever metrics we put on them. The result regarding 
CP^ answers a question formulated by P. Baird in a conversation. 

Further applications are obtained in Theorem |4.1| where we show that, up to 
homotheties and Riemannian coverings, the canonical projection — > be- 
tween flat tori is the only harmonic morphism with one-dimensional fibres which 
is defined on a compact half-conformally flat 4-manifold which is either Einstein 
or scalar-flat. We then apply this result to obtain a new proof of a result of |30, 
Theorem 4.11] in which the same conclusion is proved for a harmonic morphism 

: {M^,g) {N^,h) between compact Einstein manifolds. To obtain this new 
proof we first show (Proposition |4.4| ) that if : {M'^^g) — > {N^,h) is a non- 
constant harmonic morphism between orientable Einstein manifolds then (M^, g) 
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is half-conformally flat. 



In Theorem |5.1| , we prove that the same conclusion as that in Theorem |4T 
holds for a harmonic morphism if : {M'^^g^J) {N^,h) defined on a compact 
Hermitian-Einstein four-manifold. 

We are grateful to A.L. Edmonds, I. Hambleton, J.D.S. Jones and M. McCooey 
for useful information on circle actions. We are also grateful to P. Baird for 



pointing out a mistake in Proposition 3.1 



1. A TOPOLOGICAL RESTRICTION FOR CIRCLE ACTIONS 

By a singularity of a group action we mean a point at which the isotropy group 
is non-trivial. A fixed point is a singularity where the isotropy group is the entire 
group. 

Let be a compact oriented smooth manifold of dimension m > 1 endowed 
with a smooth circle action. Let F denote its fixed point set and V its infinitesi- 
mal generator. Let g he a. Riemannian metric on M with respect to which V is 
a Killing vector field. Such a metric can be obtained by averaging an arbitrary 
Riemannian metric over the action. Let V denote the Levi-Civita connection on 

Obviously F is the zero set of V and thus, its connected components are totally- 



geodesic submanifolds of {M,g) of even codimension (see p3| ). 

Let X G -F and suppose that the connected component iV of x in F has codi- 
mension 2r. Because {'W)^ is a skew-symmetric endomorphism of {T^Mjg^), 
with respect to a suitably chosen orthonormal frame, (VV")^ is represented by 
the direct sum of the zero square matrix of dimension m — 2r and ©^=i ( cT'' ) 



where rrij > 0. In fact, from |2^, Chapter I, Proposition 1.9] it follows that 
rrij G Z since V integrates to give an action on M™. Indeed, since V is Killing 
its flow commutes with the exponential map; hence, via the exponential map at 
X, the linear flow induced by {'W)x on T^M is locally equivalent to the flow of 
V. Following we shall call the (positive) integers rrij the exponents of the 
action at the fixed point x. This is, of course, motivated by the fact that the 
exponential map of {M"^,g) at x induces a local equivalence between the given 
action and the following action on = W'^'' © C^: 

Z ■ (Xi, . . . , Xm_2r5 Zi, . . . , Zj.) (^1; • • • ; •^m—2r: ^ ■ ■ ■ ■, Z Zy^ . 

(In particular, this shows that the exponents (mi, . . . , mr) do not depend on the 
metric (7.) If a; G -F is an isolated fixed point (equivalently m = 2r) then the 
orientation induced by the corresponding orthonormal frame is determined by 
the r-tuple (mi, . . . , rrir). Let e{x) be +1 or —1 according to whether or not this 
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orientation agrees with the orientation of T^M (cf. W^ )- 



The main resuh of this section is the the following. 

Theorem 1.1. Let be a compact oriented smooth manifold which admits a 
smooth circle action whose fixed points are isolated singularities. 

Then (i) all the Pontryagin numbers of M™ are zero, (ii) the Euler number of 
is even and is equal to the number of fixed points. In particular, the signature 
of is zero. 

Proof. Let x & F. Because x is an isolated singularity the exponents at x are 
all equal to 1. Equivalently, there exists an orthonormal basis of {TxM,gx) with 
respect to which the matrix of (W)^ is the direct sum of n copies of ( ? "q^ ) • 

Thus, if -F 7^ 0, then dimM = 2n is even. Let / be an Ad(S0(2n))-invariant 
symmetric polynomial of degree p < n. Then, by a result of R. Bott [T^, Theorem 
2] (see also ||2^, Theorem II.6.1]) we have 

,,1) 

where Xn is the Pfaffian (see |2^, p. 68] or p. 309]) and f{R) is the closed 
2p-form on M which represents the cohomology class induced by the Chern- 
Weil morphism applied to / via the Levi-Civita connection of (M^",(yf) (see P^, 



Chapter XII] or [^, Appendix C]). Note that the right hand side of (|1.1| ) is zero 
ii p < n. 

It is easy to prove that 

(1-2) Xni^iVV).) = ^-^^^ . 

By taking / = 1, from ( |1.1D and (|1.2| ), we obtain 
(1-3) J]6(x) = 0. 

By taking / = Xn , from ( |1.1D and the Gauss-Bonnet Theorem we obtain 
that the Euler number of M^" is equal to the cardinal of F (this also follows 
from the Poincare-Hopf theorem or from Theorem II.5.5]). But, by ( p.. 3D , the 



cardinal of F must be even and hence the Euler number of M^" is even. 

By definition, if dim M is not divisible by four then all the Pontryagin numbers 
of M are zero. 

Suppose that n = 2p and let zi, . . . , v be a partition of p. Denote by j9j^ the 
Ad(S0(2m))-invariant symmetric polynomial of degree 2ik such that pi^{^ R) 
represents the z^'th Pontryagin class of M. 
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Let X E F and recall that (VV^)a; is the direct sum of n copies of ( ? ) • Then 
it is obvious that for any Ad(SO(2?2))-invariant symmetric polynomial / we have 

(1.4) f{{VV).) = c{f,n) 

where c(/, n) is a constant which depends just on / and n but not on x G -F. 

By taking f = Pi,- --pi^ in (^) it follows from (|r2|), (|L3|), (|OD that all the 
Pontryagin numbers of M are zero. The fact that M^" has zero signature 
follows from Hirzebruch's Signature Theorem (see [P3]). □ 



2. Blowing-up isolated fixed points of circle actions 
For j = 1, . . . , r let mj be positive integers. We consider the following action 

on 

(2.1) Z-{Z,,..., Zr) = {Z^^ Zl, Z^^ Z2, . . . , Z^) . 

Obviously, the fixed point set of this action is {0}. 

In what follows we need the notion of equivariant connected sum of two man- 
ifolds endowed with circle actions. The idea of the following construction comes 



from 12 



Definition 2.1. Let M and be manifolds, dimM = dimA^ = 2r, both en- 
dowed with non-trivial circle actions. 

Let X G M and y E N he isolated fixed points of these actions having the same 
set of exponents {mi, . . . ,m^}. Further, assume that e{x) = —e{y). 

Then suitably chosen neighbourhoods and Uy about x and y in M and A^, 
respectively, are equivariantly diffeomorphic to open balls of radius three about 
G e(x)C^ and G e{y)C^, respectively, where is endowed with the circle 



action of ([2^1 



The equivariant connected sum of M and N (about x G M and y E N) is 
the quotient (M \ U A^ \ Vy)/^ where Vx and Vy correspond, via the above 
equivariant diffeomorphisms, to the open balls e{x)B{l) and e{y)B{l), of radius 
1, whilst ~ is induced by the identification (2 + t)u ~ (2 — t)u with u G dB{l) 
and t G [-1, 1]. 

Thus the actions glue together to give a non-trivial circle action on the con- 
nected sum M^N. 



Example 2.2. Let C and — C be endowed with the action given by ( p.l| ). It is 
easy to see that the connected sum C ''"# — C", suitably constructed about G C' 
in each term, inherits in a canonical way a circle action (here — denotes C' 
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considered with the orientation opposite to its usual one). Moreover this action 
is without fixed points. 

The following definition is based on an idea of J.D.S. Jones arisen from a private 
conversation. We formulate it only for isolated fixed points although it can be 
given for any connected component of the fixed point set. 

Definition 2.3. Let a; G F be an isolated fixed point with exponents (mi, . . . , rrir) 
The blow-up of M (considered with the given action) at x is the equivariant con- 
nected sum of M and —e{x)CP^', about x E M and [1,0,... ,0] e CP^, where 
CP*" is considered with the action 

Z ■ [Zq, Zi, . . . , Zr] = [Zq, Z^'^ Zi, . . . , 2;™'' Zr] . 

In what follows the following obvious lemma will play an important role. 

Lemma 2.4. Let M be a manifold endowed with a circle action and let F be its 
fixed point set. 

Let X be an isolated fixed point whose exponents are equal: mi = . . . = rrir- 
Let F be the fixed point set of the induced action on the blow-up of M at x. 
Then 

F = {F\ {x}) U CP"^-' 
where CP'-^ = { [zq, . . . , Zr] e CP'' \zo = 0}. 



Remark 2.5. From the above lemma it follows that if besides isolated fixed 
points a circle action has only components of codimension two then after blowing 
up all the isolated fixed points we obtain a manifold endowed with a circle action 
whose fixed point set is of codimension two. 

In particular, if the starting manifold is of dimension four then after blowing-up 
the isolated fixed points we obtain a manifold endowed with a circle action whose 
fixed point set is of dimension two. 

For the next lemma recall the Ad(S0(4))-invariant polynomial pi on so(4) 
given by pi{A) = '^i^jia))^ where A = (a*)jj=i^...^4. As is usual, we shall also 
denote by pi the corresponding Ad(S0(4))-invariant symmetric bilinear form on 
so(4). 

If {M^, g) is a Riemannian 4-manifold then, by the Chern-Weil theorem, pi{^R) 
represents the first Pontryagin class of where R is the curvature form of the 
Levi-Civita connection of {M^,g) (see [H, p8|). 



Also we need the following definition (see p3, p. 69]). 
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Definition 2.6. Let (M^",(yf) be a Riemannian manifold and let be a Killing 
vector field on it. Let be a component of codimension 2r of the zero set of V. 
For an Ad(S0(2n))-invariant polynomial / of degree n on so{2n) the residue 

of V over A^2n-2r jg gjyg]^ Iqj 

f{l{tR + VV)) 



(2.2) Resf{N)e-' = I 

Jn 



where V is the Levi-Civita connection of (M^", g), R its curvature form, denotes 
the components in End{TN^) and Xr is the Pfaffian. (Here we expand the right 
hand side of (p.2|) as a power series in t.) 



Lemma 2.7. Let (M^, g) be an oriented A-manifold and let V be a Killing vector 
field on it. Suppose that the zero set ofV has a component of dimension two. 
Then the residue ReSpj (A^) is given by 

ReSp,{N)=x{TN^)[N] 

where x{TN-^)[N] is the Euler number of the normal bundle TN^ of N. 



Proof. From Definition |2.6| it follows that we can write 
(2.3) Res,.(iV)«=/?4±<^^±I^ 

" ' Jn ^{tR + vvy 

where 

{ z ^) ® { ~a o) = a , 
and recall that (VV^)|Ar is a section of End{TN) © End(TN^) (see Chapter 
II, Theorem 5.3]). In fact (Vl^)''|Ar : — *• M is the nowhere zero function on N 
characterised by 

(Vl^)U=(n)©(-(vVT^)' 

then (^) becomes 



ReSp,{N)t~ [ {t^p,{R,R) + 2tp,{R,VV)+pi{VV,VV)) 

/I R" 2 (R'^f 



.{vvy {{vvy)^ ii^vyy 



where U = jy^WlN - note that with respect to a suitably chosen adapted 
orthonormal frame we have f^=(oo)©(-io)- Also note that J = U\n is an 



almost complex structure on the normal bundle TN (see for the general 
case) . 
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Because is a totally-geodesic submanifold of (M, g) we have that pi{R, U) 
W^] hence, from (|2.4| ) it follows that 



(2.5) Res,^(iV) = i-^i?-. 

By the same reason we also have that J ® = ( _\u ^ ) is the curvature form 
of the connection induced by V on TN^. 

The proof now follows from the Chern-Weil theorem. □ 

We now state the main result of this section. 

Theorem 2.8. Let be a compact oriented A-manifold endowed with a non- 
trivial circle action. 

Let F = Fq U F2 be the fixed point set where Fq is the set of isolated fixed 
points and F2 is the union of the components of dimension 2 of the fixed point 
set. Suppose that the exponents of each isolated fixed point x E Fq are equal. 

Then the signature a[M] of M is given by 

(2.6) a[M] = Y,<^) = x{TFt)[F,]. 

In particular, the signature of M is given by the Euler number of the normal 
bundle of the components of dimension 2 of the zero set ofV. 

Proof. Let M be the manifold (endowed with a circle action) obtained by blowing- 
up the isolated fixed points, i.e. the points of Fq. 

Then, since signatures add when taking connected sums, the signature cr[M] 
of M is given by 

(2.7) a[M] = a[M] - J] e{x) . 

Because the exponents of each isolated fixed point are equal by hypothesis, 
the induced circle action on M has no isolated fixed points. This follows from 



Lemma |2.4| (see also Remark |2.5|) . 

Thus we can apply p2| . Theorem 4.2] to obtain that M has signature zero. 
Combining this with ( p^.7| ) gives 

(2.8) a[M] = J2 , 

xeFo 



i.e. the first equality of ( p.6|) . 

Now, take a metric on M with respect to which acts by isometrics. Then by 
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applying the Bott formula (see p3| , Chapter II, Theorem 6.1]) to the infinitesimal 
generator of this action we obtain 

(2.9) pi[M] = ReSp,(Fo) + ReSp,(F2) . 

Since pi{A) = ±2x2{A) for A G so{4:)± (because A = (a*) G so{4:)± if and only if 
al = ±a|, al = and a\ = ±a|), we have ReSpi(Fo) = 2 J2xeFo ^{^)- By using 
this fact and Lemma the equation ( |2.9| ) becomes 

(2.10) pi[M] = 2 J2 + X{TF^)\F2] . 

xeFo 

But by Hirzebruch theorem ])i[M] = 3o"[M] which together with (|2.8| ) and 
( prrUD gives 

(2.11) 3 ^ e(x) = 2 J2 + x{TF,^)m 

xeFo x&Fo 

which immediately yields the second equality of (|2.6|). □ 



Remark 2.9. 1) Obviously, Theorem |2.8| generalizes the result of [^, Theorem 



4.2]. However, note that our proof of Theorem ^]8| uses that result 



Also, Theorem 2.8 generalizes the result of Theorem 1.1 for dimension four 



2) See for some related results on circle actions. 

3. An APPLICATION TO HARMONIC MORPHISMS 

Let If : {M"'~^^,g) — > {N"',h) , n > 1 , be a non-constant harmonic morphism 
between compact oriented Riemannian manifolds. Then, by a result of P. Baird 
1^ the set E of critical points of ip is empty if dimM > 5 and is discrete if 
dim M = 4 . For x G M \ S set Vx = ker d(fx and let Tix = . The resulting 
distributions V and 7i on M \ S shall be called, as usual, the vertical distribution 
and horizontal distribution, respectively. 

Proposition 3.1. Let if : {M"'~^^,g) — > {N"',h) [n > 1) be a non-constant har- 
monic morphism between compact oriented Riemannian manifolds. Let S be the 
set of critical points of ip . 

Then ip\M\ip-'^{tp(E)) can be factorised as ^ o ip where ip : M \ {p~'^{{p{I]j) P 
is the projection of an principal bundle (for which 'H\m\ip-^{^(t.)) is a principal 
connection) and ^ : P ^ N \ V5(S) is a smooth covering projection. Moreover, 
for n = 3, the smooth free action on M \ {p'^{Lp{I]j) extends to a continuous 
action on M which is smooth over M \ S and whose fixed point set is S . 

Furthermore, if k is the unique metric on P with respect to which ^ : (P, k) — > 
{N\{p{T,), h\N\ip{T:)) is a Riemannian covering then ip : (M\(y9~-^(y9(E)), 5f|A/\^-i(,^(E))y 
(P, k) is a submersive harmonic morphism with connected fibres. 
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Proof. Because M and are oriented, V is orientable. Thus we can choose 
V e r(VU/\s) such that g{V, V) = A^"-^ . Clearly, V is smooth on M \ S. Fur- 
thermore, when n = 3, since |y| as we approach a critical point, V extends 
to a continuous vector field on M whose zero set is S and the fiow of V extends 
to a continuous fiow on M whose fixed point set is S . 

For any n > 1, it is easy to see that v^|a/\v5-i(<^(s)) is a proper submersion. Then 
by a well-known result of C. Ehresmann restricted to M \ <y9~^(<^(E)) is 

the projection of a locally trivial fibre bundle. In particular, the orbit space P of 
^|a/\(/3-i((^{s)) is a smooth manifold. Thus, v^|AfV-V(s)) can be factorised a.s ^oip 
where ip : M \ y9~^(y9(S)) P has connected fibres and C, '■ P —>■ N \ (p{T,) is a 
covering projection. 

Let k = ^*{h) be the unique metric on P with respect to which C, '■ {P, k) — >■ 
(A^ \ {p(T,), h\]\f\^(Y:)) becomes a Riemannian covering. It is obvious that ip : 
{M \ {p~^ {ip{I])) , g\M\ip-i{,fi(j:))) {P, k) is a submersive harmonic morphism with 
compact connected fibres. From p9|. Theorem 2.9] it follows that ip is the pro- 
jection of a circle bundle where the action on the total space M \ is 
induced by the fiow of V\m\ip-^{^{t.))- 



Remark 3.2. Recall (HT^j 01' 0) that, for ri = 1 a harmonic morphism from 
{M'^,g) to {N^,h) is, essentially, a harmonic function. 

When n = 2 given a non-constant harmonic morphism ip : {M^,g) —>■ [N"^, h) 
with compact the 5*^ action extends smoothly over the set of critical points and 
induces on a structure of a smooth Seifert fibre space and the factorisation 
in Proposition extends smoothly to M^. When n = 3 the action extends 
smoothly if (M"^, g) is Einstein and, again, the factorisation extends smoothly 
to M^. 



From Theorem 1.1 and Proposition p.l| we obtain the following. 



Theorem 3.3. Let ip : {M"''^^,g) —>■ (A^", h) {n > 3) be a non-constant harmonic 
morphism between compact oriented Riemannian manifolds. 

Then all the Pontryagin numbers of M"'~^^ are zero. In particular, the signature 
of M"^^ is zero. 

Further, if n > 4 then the Euler number of M"'~^^ is zero. If n = 3, then the 
Euler number of M'^ is even and is equal to the number of critical points of ip. 



Proof. If n > 4 then, by Proposition p.l| , there exists a free action on M"'^^ 
whose orbits are connected components of the fibres of ip. Hence, by the Hopf 
theorem the Euler number of M"+^ is zero. Also, as is well-known (immediate 
consequence of ( |1.1| )), all the Pontryagin numbers of M"+^ are zero. 
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Suppose that n = 3. If the set of critical points E is empty then the same 
argument as above imphes that the Euler number and the Pontryagin number of 
are zero. 



Suppose that S 7^ and let z G S and y = (p{x). By Proposition pTl 



assume that V^|a4'\v5-i(v5(s)) has connected fibres. Let C A^^ be a neighbourhood 
of ?/ G A^^ such that fl <f{^) = {y} and which is diffeomorphic to the closed 
ball of radius two centred at zero in M^. Then ip^^{B^) is a four- dimensional 
submanifold-with-boundary of such that ip^^lB^) n S = {x}. Furthermore, 
by Proposition |3.1|, f\^-''-(B3)\{x} is the projection of an S^-bundle over B^ \ {y}. 
Because B^ is the cone over S*^, (p~^{B^) is the cone over its boundary. It easily 
follows (cf. 1^) that the boundary of ip~^{B^) must be simply-connected. 

Consider the embedding S'^ = dB^ C A^'^ \ S. Let A; G Z be the Chern number 
of the bundle {ip-\S^), S^, S^). Then, if ^ 0, ip-^{S^) = and, 
in particular, the fundamental group of ip~^{S'^) is 'L\k\- (If = the bundle 
(V9~^(5'^), 5^, 5*^) is trivial.) But, ({)~'^{S'^) is diffeomorphic to the boundary of 
Lp^^{B^) which we have seen is simply-connected. It follows that k = ±1 and, 
thus, we can suppose that f\ip~'i-(B3)\{x} is smoothly equivalent to the projection 
of the cylinder of the Hopf bundle {S^, S"^, S^). 

Thus, by taking, if necessary, the equivariant connected sum of M and —kC"^, 
about X G M and G C ^, where C ^ is considered with its canonical circle action, 
we can suppose that on ip~^{B^) we have a smooth circle action having X as a 
fixed point outside of which the action is free. By repeating this procedure about 
each point of S we obtain on M*^ a smooth circle action whose fixed point set is 
E outside which the action is free. 

By Theorem lA, the Pontryagin number of is zero and its Euler number 
is even and equal to the cardinal of S. □ 



Remark 3.4. With the same notations as in the proofs of Theorem |1.1| and 
Theorem ^]3| we have that e{x) = k for each x G S. 

In fact, (|L3| ) applied in the context of the proof of Theorem ^]3|can be proved 
by applying Stokes' Theorem and the Chern- Weil Theorem, i.e. by assuming, if 
necessary, that ip has connected fibres and V\m\y: has periodicity 2tt then 

0=-/ dF = y(-—[ F)=ye{x) 

where F G r(A^(T*(A^ \ is the curvature form of any principal connection 

on (p\m\t, and C is a closed ball about each (p{x) , x G S, such that 
Br,^ n = for xi ^ X2. 
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Let Pg be the closed oriented surface of genus (7 > and let n>2. Since the 
Euler number of CP" is + 1, of 5*^" x Pg is 4(1 — g) and the signature of a K?) 
surface is —16 we have the following immediate consequence of Theorem |3.3| . 

Corollary 3.5. K?) surfaces, CP", S*^" xP^ (n>2^g^l) can never he the do- 
main of a non-constant harmonic morphism with one- dimensional fibres whatever 
metrics we put on them. 

Remark 3.6. 1) Note that the projections 5'^"+^ x Pg ^ CP" x Pg induced 
by the Hopf fibrations S*^""*"^ CP" are Riemannian submersions with totally- 
geodesic fibres, with respect to suitable multiples of their standard metrics, and 
are thus harmonic morphisms. 

2) Other constructions of even-dimensional compact manifolds which cannot 
be the total space of a harmonic morphism with one- dimensional fibres whatever 
metrics we put on them can be easily obtained by using the product and/or the 
connected sum of manifolds. 

4. Harmonic morphisms with one-dimensional fibres 
ON COMPACT Riemannian four-manifolds 

The main result of this section is the following. 

Theorem 4.1. Let {M'^,g) be a compact orientable Riemannian four-manifold 
and let tp : (M^ g) {N^, h) be a non-constant harmonic morphism. 
Then the following assertions are equivalent 

(i) {M'^,g) is half- conformally flat and its scalar curvature is zero, 

(ii) (M^,(yf) is Einstein and half- conformally fiat, 

(iii) {M'^,g) is Einstein and (p is submersive, 

(iv) (M^,5f) is Ricci-fiat. 

Furthermore, if one of the assertions (i), (ii), (iii) or (iv) holds then, up to 
homotheties and Riemannian coverings, ip is the canonical projection — >• 
between flat tori. 

Proof. Choose one of the orientations of and let Ug be the corresponding 
volume-form with respect to g. 

Let pi[M] be the Pontryagin number of M^. By the Chern-Weil Theorem we 
have 

(4.1) pm = ^,jj\w^?-\w-?)^g 

where W is the Weyl tensor of (M'^, (7) and , W~ are its self-dual and anti- 
self-dual components, respectively (see 13.8]). 
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By Theorem U, pi[M] = and hence W"^ = = 0. Thus, if 

{M'^^g) is half-conformally flat then it is conformally flat. 

Now, recall that, by the Gauss-Bonnet Theorem, the Euler number of is 
given by (see 0, p^): 

where s is the scalar curvature of (M^,(yf) and ^'^Riccio is the trace-free part of 
the Ricci tensor of (M"^, (7). 

If (M^,(7) is half-conformal flat and its scalar curvature is zero then ( [4.2|) be- 
comes 



But, by Theorem |3.tj| , x[^] ^ ^ind hence {M^,g) must be Einstein. 

If {M'^^g) is Einstein and half-conformally flat then {M'^,g) has constant sec- 
tional curvature A;*^ (see 0). By p9|. Proposition 3.3(ii)] and Proposition 
3.6] we cannot have A;*^ < 0. If A;*^ > then, up to homotheties, the universal 
cover of {M'^,g) is S*^, a situation which cannot occur (see [^, Section 3]). Hence 
(M"', g) must be flat. 

If (M^, g) is Einstein and is submersive then, by Theorem p.3| , the Euler 
number of is zero. Thus, ( [4.2| ) implies that {M'^,g) is flat. 

If (M'^,5f) is Ricci-flat then, as a consequence of ||30|, Proposition 3.6], ip must 
be submersive, since on a compact Ricci-flat manifold any Killing vector field is 



parallel (see |23]). Then, by Theorem x[M] = 0. Now, ( |4.2|) implies that 
(M^, g) is flat. The last assertion follows from p9| . Theorem 3.4] and an argument 
as in the proof of [BD, Theorem 3.8]. □ 



Remark 4.2. The fact that assertion (iii) implies that, up to homotheties and 
Riemannian coverings, ip is the canonical projection between flat tori is 

the result of [0, Theorem 3.8]. 

From the proof of Theorem |4.1| we obtain the following. 

Proposition 4.3. Let ip : (M^, g) —>■ {N^, h) be a non-constant harmonic mor- 
phism defined on an orientable compact Riemannian four-manifold. 

Then (M^, g) is half-conformally flat if and only if it is conformally flat. 

Next we give a sufficient condition for the total space of a harmonic morphism 
(p : (M"^, g) —>■ {N^, h) to be half-conformally flat. Note that this does not require 
any compactness or completeness assumption. 
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Proposition 4.4. Let {M'^,g) be an orientable Einstein four-manifold. 

Suppose that there exists a non-constant harmonic morphism if : {M'^,g) —>■ 
{N^,h) to an orientable Einstein three-manifold {N^,h). 

Then (M"^, g) is half- conformally flat. 

Proof. Let x G M be a regular point of ip and y = f{x). Let Yq G TyN be a 
unit vector. Because (A^^, h) is of constant curvature, by 0, tliere exists an open 
neighbourhood U of y and a submersive harmonic morphism ipYo • {U, h\u) —* 
with values in some Riemann surface P^ such that its fibre through y is tangent 
to Yq. Then for any other unit vector Y G TyN we can compose ipYo with an 
isometry to obtain a submersive harmonic morphism ipy whose fibre through y 
is tangent to Y. 

Then, ipY ° : {^^^{U) , g\ip~'^{u)) ^ -P^ is a submersive harmonic morphism 
from an orientable Einstein four-manifold to a Riemann surface. By Theorem 
1.1], there exists an (integrable) Hermitian structure Jy on {(p^^{U), g\^-i(u)) 
with respect to which ipy^V • Jy) —>■ P^ is holomorphic. By restricting, 

if necessary, the family of Y to an open subset of the unit sphere in {TyN, hy) 
we can suppose that all the Jy induce the same orientation a on 99"^ (f/). By 
the Riemannian Goldberg-Sachs Theorem (see |jl[) is degenerate. Now, by a 
result of A. Derdzihski fl^ either = or there is just exactly one pair ±J 
of (oriented) complex structures compatible with g\^-i(ijy But the latter cannot 
occur because, obviously, if Yi 7^ ±1^2 then Jy^ 7^ '^Jy2- Hence = and the 
proof follows. □ 



By combining Theorem |4.1j and Proposition |4.4| we immediately obtain a new 



proof for the following result from 0, Theorem 4.11]. 

Theorem 4.5. Let {M^,g) be a compact Einstein four-manifold and let {N^, h) 
be a Riemannian three-manifold with constant curvature. 

Let if : (M^,5f) — > {N^, h) be a non-constant harmonic morphism. 

Then, up to homotheties and Riemannian coverings, ip is the canonical projec- 
tion T^ —>■ T^ between flat tori. 

In particular there exists no harmonic morphism with one- dimensional fibres 
from a compact Einstein manifold of dimension four to {S^, can) . 



Remark 4.6. There exists a harmonic morphism from considered with a 
metric which is conformally equivalent to the canonical one to (5*^, can) (see 0]). 
Note that, in there is also constructed a harmonic morphism from (S'^,can) 
to {S^, h) where h is continuous and smooth away from the poles. 
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5. Non-existence of harmonic morphisms on 

COMPACT HERMITIAN-EINSTEIN FOUR-MANIFOLDS 

In this section we prove the following. 

Theorem 5.1. Let {M^,g,J) be a compact Hermitian-Einstein four-manifold 
and let (p : (M^, g) (iV^ h) be a non- constant harmonic morphism to an arbi- 
trary Riemannian manifold. 

Then, up to homotheties and Riemannian coverings, ip is the canonical projec- 
tion between flat tori. 

Proof. If (fi is submersive then the proof follows from Theorem 3.8]. 

Suppose that ip has critical points. Then, by 13^, Proposition 3.6], (M^,5f) has 
positive scalar curvature and there exists a smooth Killing vector field V tangent 
to the fibres of ip whose zero set is equal to the set of critical points of ip. 

Suppose that {M^^g^J) is Kahler-Einstein. Its first Chern class is positive. 
Then, by Proposition 3.2] or [||, Theorem 1.1.3.4], (M^, J) is either CP^ x 



CP^ or is obtained from CP^ by blowing-up r distinct points, < r < 8; such 
a blow-up has signature 1 — r. But, by Theorem p.3| , has signature zero and 
hence either M"^ is CP^ x CP^ or is obtained from CP^ by blowing-up one point. 
In the latter case, (M^, J) is biholomorphic to CP^CP^; but this admits no 
Kahler-Einstein metric (see [|, 11.54, 11.56]). If (M^ J) = CP^ x CP^ then, by 
m. Proposition 1.1.4.5], {M^,g, J) is homothetic to CP^ x CP^ 

Hence we may suppose that {M^, g, J) is isometric to CP^ x CP^. Let (x, y) G 
CP^ X CP^ be a critical point of ip (note that by Theorem |3.3| , in this case, ip 



must have exactly four critical points). But {x,y) is also an isolated zero of V. 
Because ^ is a Killing vector field, {W)(^x,y) preserves each of the summands in 
the orthogonal decomposition T(^,y)(CPi x CP^) = T^P^QTyCP^. Now, recall 
that {'W)(^x,y) is an orthogonal complex structure on T(3.^j^)(CP^ x CP^). Hence 
we can suppose that (yV)(x,y) = J(x,y)- It follows that, by composing ip with the 
inverse of the map CP^ x CP^ \ {(—a;, —y)} — > C x C , given by stereographic 
projection on each factor, we get a harmonic morphism ip : (C^,^) — > {N^,h) 
where 

4 4 
(1 + ) (1 + \w\'^)^ 

Since the stereographic projection is conformal ip is induced by the canonical 
circle action on C^; note that this is an isometric action with respect to g. Let 
V be its infinitesimal generator and let A be the dilation of ip. Then, up to a 
multiplicative constant we have giV, V) = (see |Tl|], ||2^, Section 2]) and ip*{h) 



must be equal to the horizontal component of X^g. However, it can be checked 
without difficulty that then h cannot be extended over ip{0). 
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We have thus proved that {M'^,g, J) cannot be Kahler-Einstein. Because M*^ 
has signature zero, from the main resuh of p6l it follows that (M^, g) is CP^ with 
one point blown-up endowed with the Page metric. However, from the discusion 
in it follows that none of the Killing vector fields of the Page metric has 



isolated fixed points which are isolated as singularities as well so that this case is 
not possible either. □ 



Remark 5.2. Thus there is no harmonic morphism from CP^# — CP^ endowed 
with the Page metric to any 3-manifold; there is, however a harmonic morphism 
from CP^# — CP^ endowed with the Page metric to CP^ (see [Q). 
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